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Abstract. The paper is concerned with conditions for the existence of almost periodic solutions 
of the following abstract functional differential equation u(t) = Au(t) + [Bu](t)+f(t), where A is a 
closed operator in a Banach space X, B is a general bounded linear operator in the function space 
of all X- valued bounded and uniformly continuous functions that satisfies a so-called autonomous 
condition. We develop a general procedure to carry out the decomposition that does not need 
the well-posedness of the equations. The obtained conditions are of Massera type, which are 
stated in terms of spectral conditions of the operator A + B and the spectrum of /. Moreover, 
we give conditions for the equation not to have quasi-periodic solutions with different structures 
of spectrum. The obtained results extend previous ones. 



1. Introduction 

In this paper we are concerned with the existence of almost periodic solutions to abstract 
functional differential equations of the form 



where A is a closed operator on a Banach space X, B is a bounded linear autonomous operator on 
Bf7C(R,X), / is a X- valued almost periodic function. 

As is well known, in |18j Massera studied the following linear ordinary differential equation 



where A and / are continuous, periodic with the same period r, and proved a classical theorem that 
is often referred to as Massera Theorem, saying that Eq. (|1.2l) has a periodic solution with period 
r if and only if it has a bounded solution on the positive half line. The Massera Theorem has been 
extended to various kinds of differential equations. We refer the reader to [4j [15j [TBI EH 121 [UJ and 
the references therein for more information in this direction. The method employed in these works 
is to prove the existence of periodic solutions via the existence of fixed points of the associated 
period maps. This method is no longer valid for more general problems dealing with almost 
periodic solutions, as one has no period map associated with a non-periodic equation. A new 
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(1.1) 



u(t)=Au(t) + [Bu](t) + f(t), 



(1.2) 



u(t)=A(t)u(t)+f(t), 
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idea to study Massera type theorems for almost periodic solutions was developed in that is 
referred to as spectral decomposition of bounded solutions. This idea can be carried out via the 
concept of evolution semigroups. Extensions of the results in [23] to various kind of equations were 
obtained in [H HU EH [7] . Note that the methods used in these papers are more or less based on the 
well-posedness of the equations, so they are no longer valid for the general setting of this paper in 
which the operator A may not generate a semigroup, and especially, B is a very general functional 
operator. 

In this paper we will develop a transparent operator theoretical framework for decomposition 
of bounded solutions of Eq. (jl.ip with very general assumptions on A and B. This framework 
does not require any conditions for the well-posedness, for the variation-of-constants formula, so 
it can be applied to many kind of functional equations. We note that most of periodic functional 
evolution equations considered in previous works (see e.g. 8 ; 21 , 27 ) on Massera type theorems can 
be reduced to equations with constant coefficients by the partial Floquet representation developed 
in |10j . Therefore, our results obtained in this paper can be extended to these equations. 

We now briefly outline our paper. In the next section we review some concepts such as almost 
periodicity, spectrum of a bounded function, and especially, the Loomis Theorem in the infinite 
dimensional case that is a key for our results. The section that follows contains the main results 
of this paper with two Massera type theorems (Theorems [TSJ [21]) whose refinements are Corollary 
l28l A result on the non-existence of quasi-periodic solutions is Theorem [29] Finally, we give an 
application to show that our results can be applied to functional evolution equations of mixed 
type which are, in general, not well-posed, that is, the associated Cauchy Problem may have no 
solutions. 

2. Preliminaries 

In this section, we first give some notations and definitions. After recalling the concept of almost 
periodic functions we present the spectral theory of functions and several important properties 
which we need in the next sections. Finally, two lemmas on decomposition are proved. 

2.1. Notations and Definitions. Throughout this paper we will use the following notations: 
N, Z, Q, M, C stand for the sets of natural, integer, rational, real and complex numbers, respectively. 
For any complex number A, the notation ReX stands for its real part. We always denote by X a 
given complex Banach space, and BC(R, X), BUC(R, X), AP(X) the spaces of all X- valued bounded 
continuous, bounded uniformly continuous and almost periodic functions on K with sup-norm, 
respectively. The translation group on BC(R, X) is denoted by (S(t)) t( zR and its generator V = ^. 
The spaces BC(R, X), BUC(R, X), AP(K) are translation- invariant. Given two complex Banach 
spaces X, Y, for any linear operator T from X to Y, as usual <r(T), p(T), i?(A, T) = (A — T) _1 are 
the notations of the spectrum, resolvent set, resolvent of T . 

Let us denote by A the operator of multiplication by A on BUC(R, X), that is, an operator 
with domain 



D(A) := {g e BUC{R,X) : g(t) <E D(A), Vt 6 R, and Ag(-) £ BUC(R,X)} 
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and [Au](t) = Au(t), for all f 6 R and u G D{A). 

Recall that two closed operators A and B on a Banach space Y with non-empty resolvent 
sets commute in the sense of resolvent commuting if R(X, A)R(fi, B) = B)R(X, A) for all 
A G p{A), (i G p{B). Some elementary properties of commuting operators will be used in this paper 
whose proofs are left to the reader. For example, if A generates a semigroup (T(t)) t >o, then a 
closed operator B commutes with A if and only if it commutes with T(t) for all t > 0. 

Definition 1. A bounded linear operator B in BUC(R,1€) is said to be autonomous if it commutes 
with the translation group (S(t)) t ^. 

2.2. Almost Periodic Functions. Let g be a continuous function on M taking values in a complex 
Banach space X. g is said to be almost periodic in the sense of Bohr if to every e > 0, the set 

T(g,e) :={r: sup \\g(t + r)-g(t)\\ < e} 

ten 

is relatively dense in R, i.e. there exists a number I > such that 

T(g,e)f][t,t + l] ^0, Vt G R. 

As is well known, for g to be almost periodic it is necessary and sufficient that the family of 
functions {S(t)g} t £R is pre-compact in BUC(M.,X). 
For g G AP(X), let 

a(X,g) := lim -L T e -* xt g(t)dt, VA G R. 

X— >oo Zi J —T 

It is known that a(A,g) is well defined and there are at most countably many points A such that 
a(X,g) ^ 0. We call the set a b (g) := {X : a(X,g) ^ 0} and Tt := {J2k=i n k^k ■ X k G cr b (g),n k G 
Z, V7V G N} the Bohr spectrum and module of g, respectively. 

Under the above notations, g can be approximated uniformly on M by a sequence of trigonometric 
polvnomial(see(T4l Chap. 2]) 

Pn(t)-=J2a n , k e iXn - kt , n=l,2,---; A„, fc G a b (g), t G R. 
fe=i 

And of course every function which can be approximated uniformly by a sequence of trigonometric 
polynomial is almost periodic. 

A finite or countable set of real numbers Q := {u>i,u>2, • ■ ■ , 0Jk, ■••} is said to be rationally 
independent if for any n G N, the following relation holds 

ri Wi + r 2 L02 H 1- r n uj n = 

ri,r 2 , • • • ,r n G Q 

We call a rational basis of o~b{g) if it is rationally independent and every Xj G is repre- 

sentable as a finite linear combination of the u>k with rational coefficients, that is, 

Xj = r^wi + r^wa + • • • + r <^„, , , • • • , r« G Q, (j = 1, 2, • • • ). 
Moreover, if all the G Z , then the basis is called integer basis. 



=>• n = r 2 = • • • = r n = 0. 
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Definition 2. IfdJl(g) has a finite integer basis {u>i, u>2, ■ ■ ■ , 0Jk] , then g is called a quasi-periodic 
function with frequencies (wi/27r, W2/271", • ■ • , u>fc/27r). In the sequel, we also call g k-basic-frequency- 
quasi-periodic function, or k- quasi-periodic function . 

From the definition it follows that if g is fc-quasi-periodic, it cannot be /-quasi-periodic for any 
I < k. 



2.3. Spectral Theory of Functions. Let g G BC(R,X), and let A G C such that ReX ^ 0. Then, 
obviously, the equation x — Ax, x G R has an exponential dichotomy. By the Perron Theorem 
in ODE, its non-homogeneous equation x — Xx + g(t) has a unique solution x gt \ G BUC(H, X). 
Moreover, x g< \ = (V — X)~ 1 g for every g G BC(R, X). Therefore, D is a closed operator on 
_BC(R, X) and p(T>) D C\iR, and (A — as a function of A, is analytic everywhere in 



Definition 3. The set of all reals £ G R such that the complex function (A — T>) 1 g has no 
analytic extension to any neighborhood of it; is said to be the uniform spectrum of g, and is denoted 
by sp u (g). 

Using the Green function to determine bounded solutions in the theory of ODE we have 

(A-I?)" 1 ^) = -x g , x (0 

f™e x tt-Vg(t)dt, (ifi?eA>0), 

-f L e Hi - t] 9(t)dt, (if i?eA<0) 
j O ° e " A M£ + '7)^, (ifi?eA>0), 

> - I-00 e ~ A "5(C + V)dr h (if ReX<0). 

f™ e-^g(r))dr), (ifi?eA>0), 
-f-^' Xv 9{v)dv, (if i?eA<0) 



(2.1) 

By definition, 

(2.2) g{X):={\-V)- l g{0) 



is called the Carleman-Laplace transform of g. Obviously, the Carleman-Laplace transform of g is 
analytic in A G 



Definition 4. Let g G BC($L, X). The set of all reals £ such that g(X) has no analytic extension 
to any neighborhood of i^ is called the Carleman spectrum of g and is denoted by sp c {g). 

It is easy to see from the definitions that sp c (g) C sp u (g). In [T7], it is proved that they are 
actually coincide. As is well known (see e.g. [26]), the Carleman spectrum sp c (g) coincides with 
the Bcurling spectrum spb(g) defined as 

(2.3) s Pb (g) :={£gR: Ve > 0, 3cp G i^R), suppp C (£ - e, £ + e), <p*g 
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where (p. is the Fourier transform of ip, that is, 

/oc 
e- irlt ip(t)dt, rjeR. 
-00 

For this reason, for each g £ _BC(R, X) we will denote simply by sp(g) the spectrum of g in any 
sense mentioned above. 

Below we give some properties of the spectrum of functions which we will need in the sequel. 
Proposition 5. Let g, g n G BUC(M, X),n6N, such that g n — > g as n — ► 00. Then 

i) S P{9) * s closed, 

ii) sp(#(- + /i)) = sp(g), 

iii) If a £ C\{0}, then sp(ag) — sp(g), 

iv) If sp(g n ) c A /or n € N, i/ien sp(g) c A, 

v) If A is a closed operator , g(t) G D{A),Mt G R and Ag S BUC(R, X), tten sp(.4g) C sp(ff). 
As a consequence of this proposition, for a closed subset of R, say, A, then the following 

Awc(X) := {g G BC/C(R,X) : sp( 5 ) c A}, 

A AP {X) := {g e AP(X) : apfo) C A}, 

are closed translation-invariant subspaces of BC(R, X). Considering the translation group (S f (i))t S R 
on i?[/C(R, X), we give a frequently used properties of spectrum. 

Lemma 6. Denote T>a the restriction ofV on AbucOQ- Then 

ct(Pa) = iA. 

Proof. See [2Q1 Lemma 3.3]. □ 

We also recall that the reduced spectrum spAp(g) is defined as follows: 

SPAP{9) := {£ G R = VOO^GL^R), wpppC^-c^ + e), <^*/0AP(X)}. 

Let us consider the quotient space BUC(M., X)/AP(X). Since (S(i)) te K leaves AP(X) invariant 
there is an induced translation group (S(t)) te ^ on BUC(R, X)/AP(X). (S(f)) teK and its generator 
T> are given by 

S(t)%(g) = n(S(t)g), t eR,g G BUC(R,X), 
T)7r(g) = w(pg), g G D{T>), 

where tt : BUC(R,X) -> BUC(R, X)/AP(X) denotes the quotient mapping. For 5 G BC/C(R,X), 
as in [I] the proof of Theorem 4.3, p. 374], spAp(g) coincides with the set of all reals £ such that 
(A — T>)^ 1 n(g) has no analytic extension to any neighborhood of i£. The following is the Loomis 
Theorem in the infinite dimensional case. 

Theorem 7. Let X be a Banach space that does not contain any subspaces isomorphic to Cq, and 
let g be in BUC(R,X) with countable spAp(g)- Then, g G AP(X). 

Proof. For the proof we refer the reader to [TJ [2] . □ 
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2.4. Decomposition of Function Spaces. In this subsection we will decompose a function space 
into direct sum of simpler ones in terms of spectrum. 

Lemma 8. Suppose the closed subset Acl can be represented as the disjoint union of a compact 
subsets A 1 and a closed set A 2 , i.e., 

A = A 1 UA 2 . 

Then, 

A BUC (X) = A 1 BUC (X)®Al uc (X). 

Moreover, the projections P, Q corresponding to this splitting are determined from R(X, T>) that 
commute with any operators that commute with D in the sense of resolvents commuting. 

Proof. By Lemma [51 we have 

o(V A ) =iA = iA 1 UiA 2 . 

In case T> A is bounded we can prove the lemma by using the Riesz projection. For example, the 
subset A is compact. Now, suppose V A is unbounded. Then, for a fixed /i 6 p(V A ), we have 
G a(R(n,V A )) and a(R(p,V A )) \ {0} = (p - o{V A ))- 1 := : A e *(Pa)} ( see Chapter 

iv, sect. 1, p. 227]). Therefore, we obtain 

a(R(p, V A )) = (fx- aiV^))- 1 U (ji - a^))- 1 U {0} 
= : n U r 2 , 

where t\ := (/i — (t{V a i))^ 1 ,T2 := (/i — o-(2?a 2 )) -1 U {0} are compact and disjoint subsets of C. 
Now let 

P ■= J R(\,R(»,V A ))d\, 

where 7 is a Jordan path in the complement of r 2 and enclosing t\. This projection commutes 
with any operators that commute with T> A in the sense of resolvents commuting and yields the 
spectral decomposition 

Autre (X) =X!©X 2 

with 2?A-invariant spaces Xi = P Abu c A 2 = QAbucOQ,Q '■= I — P- The restrictions X>Xi 
and T>x 2 of V A satisfy 

<j(V Xl ) = iA\ a(V X2 )=iA 2 . 

Let £ G MyA 1 . Then, for every g G Xi, (A — V)~ 1 g = (A — V- 1 i 1 )~ 1 g has an analytic extension to 
some neighborhood of i£. So sp(g) C A 1 , and Xi C A BUC (X). Similarly, X 2 C A BUC (K). On the 
other hand, since A BUC (X) p| A BUC (X) = {0}, we obtain 

A BUC (X)=A BUC (X)(BA 2 BUC (X). 



□ 
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When both sets A 1 and A 2 are not compact we have the following decomposition. Let £, Si, £ 2 
be closed subsets of the unit circle T such that £ is the disjoint union of Si and £2 • Denote 



(2.4) 


A 


= «eR 


: e l « e £}, 


(2.5) 


A 1 


= «eR 


: e 4 « e £1}, 


(2.6) 


A 2 


= Uet 


: e l « G £ 2 }. 



Lemma 9. Under the above notations, one has 

(2.7) A BUC (X)=A BUC (X)®A 2 BUC (X). 

Moreover, the projections P, Q corresponding to this splitting are determined as the Riesz spec- 
tral projections of the translation 5(1) on A B ucO^) with respect to £1 and £2, so each operator 
commuting with translation commutes with P, Q as well. 

Proof. Consider the operators X>a on Abuc(&), (5a 011 ^bucO^)- By the Weak Spectral 

Mapping Theorem, we obtain 

<t(Sa(1))) = e'^Budv) = ^ = £ = £1 U £ 2 . 

Using the Riesz projection P on A B ucOQ f° r 5(1), we have 

Awc(X) = PA BUC (X) © QA BUC (X), 

where P := / 7 5a(1))c?A, Q := / — P, 7 is a simple contour in the complement of £ 2 and 
enclosing £1. We will prove that PAbuc(%) = A BUC (K). In fact, by the Weak Spectral Mapping 
Theorem 

e ^|pA B[/c(x >) = a (S A (l))\ PABUcm ) = £1 = 

So 

^(^Ipa bpc( x)) C 1A 1 . 

Therefore, for each u G PAbucOQ one nas sp(u) C A 1 . Similarly, if w G QAbucC&), then 
sp(iu) C A 2 . Obviously, A- (7C (X) p| A BUC (X) — {0} and they are closed subspaces of AbucOQ- 
So, we have 

A BUC (X) = A BUC (X) © A% UC (X) 

and the corresponding projection P = ^ / R(X, Sa(1))cI\. Note that P is determined from S(t), 
so it commutes with any operators that commute with S(t), or T>. □ 

3. Main Results 

We begin this section by recalling some concept of solutions. 

Definition 10. A function u G BUC(K, X) is said to be a classical solution of Eg. OT7)j if u{i) 
exists as an element of BUC (M., X) such that for all t, u(t) G D(A), and Eg. (1.1]) holds. 

Definition 11. A function u G BUC(R,\) is said to be a mild solution of Eg. (1.1]) if for all 

t eR, J q it(£)d£ G D(A), and the following eguation is satisfied: 

(3.1) u(t) - u(0) = A / u(0d£ + /Wo + /(CM- 

Jo Jo 
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Obviously, every classical solution is a mild solution, but not vice versa in general. We can check 
that a mild solution u that is continuously differentiable, and u(t) 6 D(A) for all t, is a classical 
one. We note that (see e.g. [2] [12l [20]) if A generates a semigroup (T(t)) t >o, then it is a mild 
solution in the sense that it satisfies the following integral equation 

u(t) = T(t - s)u(s) + j T(t - 0Pu(0 + V< > s. 

In the sequel, if A is an operator in a Banach space Y, we use the notation 

tn{A) :=Ket: %e*(A)}. 

Theorem 12. Let Ea. U.l]) have a mild solution u in BUC(M.,X), cr^A + B)\sp(f) be compact, 
sp(f) be countable, and X do not contain any subspace isomorphic to c . Then Eg A 1.1]) has an 
almost periodic mild solution Uf with sp{uf) C sp(f). 

We would like to present some useful results before giving the proof of Theorem [T2l 



Definition 13. Let A be any closed subset of the real line. We define an operator L^ as follows: 
u G D(L\) if and only if u £ Abj/cPQ, Jo u (0^£, & D(A) for all t and there is g £ AbucOQ such 
that 



u{t) - u(0) = A I «(£)d£ + / ,g(£K, V< E 



o Jo 



and in this case L\u := g. 



At this point, we can check easily that L is a linear operator, but we do not know if this operator 
is a single-valued operator. The next lemma will clarify this. Note that since B is bounded and 
commutes with translations, one can easily show that it leaves Asf/c(X) invariant. Therefore, by 
abuse of notation we will still use B to denote its restriction to AbucOQ if this does not cause any 
danger of confusion. 

Lemma 14. The operator La is a linear single-valued and closed operator on AbucO^), so La — E> 
is a closed single-valued operator in AbucO^)- 

Proof. First, we show that La is a single-valued closed operator. Suppose u £ D(La), 9i,ff2 € 
As(/c(X) such that 

Lau = 9i, L A u = g 2 , 



then 



thus 



L 



i 





t 



(0i(0-0»(O)# = O, Vt>s. 



t - s 

Fixing t and letting s-tiwe obtain gi(t) — g^if) = 0, i.e. La is single- valued. 

Suppose u,u n € D(La),Vti £ N,g,g n € AbucOQ, ^ n S such that La«„ = 3n and 

lim u n — u, lim g n = g 
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in the sup-norm topology of BUC(R,X), then 

u n {£,)d£ -» / u(£)d£, (n -» oo) Vi, 



S»(0# - / fl(0«. (» - °°) Vt. 



By the closedness of A, for each fixed iGRwe have 

u{t) - u(0) =A[ u(£)d£ + [ g(Z)d£, Vt. 
Jo Jo 

This shows that L\ is closed. 

Finally, since B is bounded is bounded La — B is a closed operator on AbucOQ- ^ 

For the relation among the spectrum of mild solutions, A + B and / we have the following 
theorem that has been known for abstract ODE (see e.g. [21 H3]). 

Theorem 15. Let u be a mild solution of Eg. fO]) on K. TTien 

sp(tt) C Oi(.A + B) Usp(f), 

where a t {A + 8):= {?ei:i^g er(,4 + B)}. 

Proof. For i?eA > taking the Carleman-Laplace transform of both sides of Eq. (|3.1|) we have 

(3.2) u(A) - i«(0) = \Au{\) + \[Bu](X) + i/(A). 
Therefore, 

(3.3) A«(A) - u(0) = Afi(A) + [B«](A) + /(A). 

Similarly, since S(s)u is again a mild solution of Eq. ljl.ip with / replaced by S(s)f for each fixed 
s £ 1, we have 

(3.4) A5(s)u(A) - [5(s)u](0) = AS(s)v(A) + [BS(s)u](A) + S{sjf(X). 
By (|2.1[) . this means 

(3.5) XR{X, V)u -u = AR(X, V)u + R(X, V)Bu + R(X, V)f. 
Since B commutes with T>, we have 

(3.6) XR(X, V)u -u = AR(X, V)u + BR(X, V)u + R(X, V)f. 

Suppose £ is a real such that £ ^ sp(f), and it; £ a{A + B). Then R(X, T>)f, and [A — A — B] -1 
are extendable to analytic functions around z£. And for such a £ we have 

(X-A-B)- 1 [R(X,V)f + u] = R(X,V)u. 

Therefore, for such a £, R(X, T>)u has an analytic extension to a neighborhood of i£. This show 
that £ ^ sp(u). The theorem is proved. □ 

Lemma ITU and Theorem [T5l yield the following 
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Lemma 16. Let A = o~i(A + B) U sp(f). Then a function u G -B£/C(R, X) is a mild solution of 
Eq. il.l]) if and only if 

(3.7) (La - B)u = f. 

Proof. By Lemma [H] the operator L\ is well-defined as a single- valued operator. Obviously, if u 
is a solution of Eq. (|3.7[) . then by the definition of the operator L\ it satisfies Eq. (|3.1[) . so it is a 
mild solution of Eq. (|l.ip . 

Conversely, let u G BUC(R, X) be a mild solution of Eq. Then, by Theorem LT5l it is in 

Ab!/c(X), so, by the definition of the operator L\, it satisfies Eq. (|3.7p . □ 

Noticing that / is almost periodic, similarly as the proof of Theorem [15j we can obtain the 
following theorem about the reduced spectrum of mild solutions. 

Theorem 17. Let u be a mild solution of Eg. OT7]) on R. Then, 

(3.8) s PAP (u) C o-i(A + B). 

Proof. Recall that A + B is an operator defined in BUC(R, X). By ([3"l)j) . 

(3.9) [X-A-B]R(X,V)u = R(X,V)f + u. 

Let ^ 6 R such that it; G p(^4 + B). Then, the resolvent R(X, A + B) exists, and is analytic in a 
neighborhood of i£ in C. Therefore, in a neighborhood of it; if ReX ^ 0, by (|3.9|) we have 

(3.10) i?(A, P)u = i?(A, ^ + B)(R(X, V)f + u). 

Note that each bounded linear operator in BUC(R, X) that commutes with the translations must 
map AP(X) into itself. Therefore, for ReX ^ 0, R{X,V) maps AP(X) into itself. From the 
autonomousness of B, it follows also that R(X, A + B) commutes with the translations, so it 
leaves AP{%) invariant. This means that the operators R(X,T>) and R(X,A + B) induce operators 
R{XJ)) = R{X,T>) and R{\A + B) in BUC(R,X)/AP{X), respectively. Since / G AP(R,X), we 
have R(X,T>)-K(f) = 0. And hence, by (pHO]) we have 

R(X, P)tt(w) = R{\X+ B)-k{u). 

Therefore, R(X, A + B)w(u) is a natural analytic extension to a neighborhood of it; for R(X, V)tt{u). 
This shows that £ spap(u) and the proof is completed. □ 

By Theorem [7] and Theorem [17] we obtain the following corollary immediately. 

Corollary 18. Let o~i(A + B) be countable. Then every bounded and uniformly continuous mild 
solution of Eg. I7T7J) is almost periodic provided X does not contain any subspace isomorphic to Cq. 

The following lemma is standard (see [T31 Proposition III.6.5]). 

Lemma 19. Let A be a closed operator on a Banach space X such that p(A) ^ 0, and let B be 
a bounded operator on X. Then, A commutes with B in the sense of resolvents commuting if and 
only if they commute in the sense that BD(A) C D(A) and ABx — BAx for all x G D(A). 
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Now we are ready to complete the proof of Theorem 1121 
Proof of Theorem\T^ Let A 1 := a l (A + B)\sp(f) and A 2 := sp(f). By Theorem IT51 sp(u) C A := 
A 1 U A 2 . By the compactness of A 1 and Lemma [8] we have 

A BUC (X) = A BUC (X) © A 2 BUC (X), 

and the projections P, Q corresponding to this splitting commute with each operator that commutes 
with 2?a in the sense of resolvents commuting. Note that La commutes with all translations, so it 
commutes with T>\ . By Lemma [16] we have 

Q[L A - B]u = Qf = f. 

By Lemma [T9l Q[L\ — B]u = [La — B]Qu, and letting Qu — w, we have 

[La - B]w = f. 

That is, w 6 A BUC (X) is a mild solution of Eq. ljl.ip . Since A 2 is countable and X does not contain 
any subspace isomorphic to cq, by Theorem [3 w is almost periodic. The theorem is proved. □ 

Now we consider the case when <Ji{A + B)\sp(f) may not be compact. 

Theorem 20. Suppose that Ea.ITJ\) has a mild solution u e BUC(R,X), and e i ^(- 4 + B )\e ls P^) 
is closed. Then, there exists a mild solution w of Eq. U.l]) such that 

e is P (w) c e ispU). 

Proof. Let S := e la ^ A+B '> U e is P(f\ Si := e lrT ^ A+BS >\e ls P^\ E 2 := e ls ^ . Obviously, S, E x , S 2 are 
closed. Moreover, by the assumption, Si n S2 = 0- Therefore, by Lemma HI if we define 

A = {£ e R : e iS e £}, 
A 1 = {C G K : e 4 « £ Ex}, 
A 2 = e^e E 2 }, 

then 

A BU c(X) = A BUC (^)®A 2 BUC (X). 

Moreover, the projections P and Q corresponding to this splitting commute with any operators 
that commute with translations. In the same way as in the proof of TheoremrT2] we can show that 
w := Qu is the sought mild solution. □ 

Now we prove a Massera type theorem for almost periodic solutions of Eq. (|l.ip when <Ji(A + 
B)\sp(f) may not be compact. 

Theorem 21. In addition to the conditions of Theorem \20\ assume that X does not contain any 
subspace isomorphic to cq and e lsp ^ is countable. Then Eq Al.l)) has an almost periodic mild 
solution w such that 

e isp(w) c e isp(f)_ 



Proof. By Theorem l20j we obtain that e lsp ^ is countable. This implies that sp(w) is countable. 
By Loomis' Theorem we have w € AP(X). □ 
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Let Eq. fll.l[) have an almost periodic mild solution. We will refine the technique of decompo- 
sition to further the results obtained above. We first give some lemmas. The following is an easy 
lemma whose proof is given for the reader's convenience. 

Lemma 22. Let g G AP(1L) and let B be an autonomous operator in BUC(R, X). Then Bg G 
AP(X). 

Proof. We will use the Bochner criterion for the almost periodicity of a function. Since g G AP(K), 
we have that the set {S(t)g,t G R} is pre-compact in BUC(M.,X). On the other hand, as B is 
a bounded linear autonomous operator in £?[/C(R, X), we obtain that the set {S(t)Bg,t G R} = 
B{S{t)g, te R} is pre-compact in BUC(R, X), that is Bg G AP(X). □ 

Lemma 23. Denote Y := £>£/C(R,X). For any je¥, we define the function G as follows: 

G : R -> Y 
G : t >-> S(t)s. 
J/g G AP(X), tfien G G AP(Y) and a b (G) = <r b {g). 

Proof. Since g is almost periodic, T{g, e) is relatively dense in R for all e > 0. On the other hand, 

sup \G(t +r) - G(t)| = sup \S(t + r)g - S(t)g\ = sup || 5 (r + s) - g(s)\\, 

teR t£R s6R 

where || • || and | • | denote the norm in X and Y respectively. We have 

T( P) e) = T(G,e) Ve > 0. 

This implies that T(G, e) is relatively dense in R for all e > 0, i.e. G G AP(Y). 
Next we prove that o~b(G) = o~b(g). In fact, we have 



a(X,G)(s) = lim 1= f e- at S(t)g(s)dt 
= lim ^ / T e- iAt 9 (i + S )^ 



= Hm ^ f +S e-^s) g{T)dT 

T^oo zJ J-T+s 

= e lXs a(X,g), Vs G R. 
So a(A, G) = if and only if a(A, g) = 0, i.e. CTh(G) = o- b (g). □ 

Definition 24. ^4 function u G BUC(WL, X) is said to &e a strong mild solution of Eg. iTO]) if there 
exists a sequence of classical solutions u n to Eg. $1.1]) with f replaced by f n G BUC(M., X) suc/i t/iat 
lim n _>oo u n = u, and linin^oo f n — f in the sup-norm topology of BUG (M., X). 

We remark that this concept of strong mild solutions is given in [26] as mild solutions. By 
the proof of Lemma [16] it is clear that each strong mild solution of Eq. is a mild solution of 
Eq. ljl.ip . This justifies the terminology we use here. In [24] the reader can find the equivalence of 
these two concepts of mild solutions when A generates a Cg-semigroup and B = 0. 
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Lemma 25. Let u G AP(X) be a strong mild solution of Eg J 1.1)). U(t) := S(t)u,F(t) := S(t)f. 
Then 

(3.11) a(A, U) G D(A), VAeR, 

(3.12) a(A, it) G D(A), VA G R, 
and 

(3.13) (£A-.A-B)a(A,Ef) = a(A,F). 

Proof. Since it is a strong mild solution of Eq. (|l.l[) . there exist {/„} C BUC(M., X) and a sequence 
of classical solutions {u n } C £?[/C(R,X) such that u n — » u, f n — » /, and 

Un(t) = Au n (t) + [Bu n ](t) + f n {t). 

Letting U n (t) := S(t)u n ,F n (t) := S(t)f n , we define the following 

o(A, G; T)(s) = I e- lXt S(t)g(s)dt, VA G R, T > 0, s G R 



2T 



r 



for all g G B£/C(R,X), where G(i) is defined as Lemma[M] Then 



o(A,5(t)«n;T)(«) = ^= / e- iM S(t)ii n dt 



2T 
1 

2T 



T 

iAt < 



— T 
T 

e" lAt it n (t + s)A 

-T 
T+s 



= f ' e- iX ^u n {r)dr+^-[u n (T + s)e- aT -u n (-T + s)e iXT ] 

Z1 J-T+s 11 

= i\a(X, U n ;T)(s) + ^[u n (T + s)e' lXT - u n (~T + s)e iXT }. 

So we have 

(iX-A- B)a(X, U n ; T)(s) + ^[u n (T + s) e - iXT - u n (-T + s)e* XT ] = a(X, F n ;T)(s). 
Now letting n — > oo, by the closedness of (iX — A — B) we obtain 

{iX-A- B)a(X, U; T)(s) + ^f[<T + s)e~ lXT - u(-T + s)e tXT ] = a(A, F; T)(s). 
By Lemma [23l a(A, [/) and a(X,F) are well defined, and 

lim a(A, {/; T) = a(A, £/), lim a(A, F; T) = a(A, F). 

T — >oo T — >oo 

As T — > oo, by the closedness of (iX — A — B) again we obtain (|3 . 1 1 1) and (|3.13[) . In the proof of 
Lemma u3\ we proved that a(A, U)(s) = e iXs a(X, it), Vs G R. Letting s = 0, we obtain ([3712]) , □ 

The following theorem is an immediate consequence of Lemmas [23] and 1251 

Theorem 26. Let it G AP(X) be a strong mild solution of Eg. fO]) . TTten 

(3.14) a h {f) C o4(«) C o-,(.4 + B)U a b (f). 
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As consequences of Theorem 1261 we have. 

Corollary 27. Let u G AP(X) be a strong mild solution of Ea. il.lp . Then for any finite subset 
A 1 = {Ai, A2, ■ • • , \n} C o~i(A + B)\<Tb(f) t there exists a mild solution ur G AP(X), such that 

(3.15) a b (u f ) C (<7i(^ + B)\A 1 )U C r 6 (/). 

Proof. Let A := a^A + B) U cr 6 (/), A 2 := A\A* = (a* (.4 + S^A 1 ) U <r 6 (/), and define 

A AP := {g G AP(X) : <7 fe (<?) C A}, 

A^ P := {g e AP(X) : er&(g) C A 1 }, 

Aap := {5 G AP(X) : a 6 (.g) C A 2 }. 

By the definition of Bohr spectrum, Aap , A AP , A\ P are closed linear subspaces of AP(X) and 
Ajjp p| A ap — {0}. So we can easily obtain the decomposition 

A AP = A\ P ®A 2 AP . 

Therefore, there exist u\ G A Ap , u 2 G A Ap , where 

N 

ui = a(Aj, u)e lXj \ 

such that u = ti X + u 2 . By Lemma l2"5l a(Xj,u) G = 1,2,-- - , A. Letting /1 := (La — 

B)u±, /2 := (-La ^ B)u2, we have 

(3.16) (L A - B)u = h + f 2 = f- 

Since ui is differentiable and u\(t) G D(A) for all i one may check that u\ is a classical solution of 
Eq. (jl.ip with / replaced by /1 . This yields that u 2 is a strong mild solutions of Eq. (jl.lj) with / 
replaced by / 2 . Now by Theorem [26l we obtain a b (fi) C ^(ui) C A 1 ,a b (f2) C crb(u 2 ) C A 2 . This 
implies that /1 G A AP ,f2 G A^p. On the other hand, / G A^p, by (|3.16p we have /1 = and 
/ 2 = /. Therefore, 

(3.17) (L A - £0^2 = /. 

This shows that Uj := 112 is a mild solution of Eq. ljl.ip and (|3.15|) holds. □ 

Corollary 28. Let u G AP(X) 6e a strong mild solution of Ea. il.lp , and let &i{A + B) be finite. 
Then there exists a mild solution Uf G AP(X), smc/i i/iai o~b(uf) = <J b (f). 

Proof. It is obtained by Theorem l2"bl and Corollary |2"T1 immediately. □ 

Consider the case where / is a quasi-periodic function. We have the following result on the 
non-existence of fc-quasi-periodic solutions. 

Corollary 29. Let f be a I -quasi periodic function. Then there exists no k- quasi periodic strong 
mild solution of Eq. 11. lp for any k < I. 

Proof. In fact, if u is fc-quasi periodic strong mild solution, then by Theorem l2"6l we have <Jb{f) C 
o~b{v). This implies that / is fc-quasi periodic. Therefore, this is a contradiction. □ 
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Another application of Theorem 1261 is illustrated in the following 

Example 30. If f S AP(X) is not 2tt -periodic, that is crb{f) <£ 2ttZ, then Ea. U.l)) has no 2tt- 
periodic strong mild solutions. 

4. Applications and Examples 

Since our operator B in Eq. ljl.ip is very general, our results in the previous section cover many 
classes of functional differential equations that are considered in the literature. To illustrate this, 
let B(-) be a function with bounded variation that takes values in L(X), where L(X) denotes the 
space of all bounded linear operators from X to X, and let 

/oo 
\\dB(r,)\\e s M<oo 
-GO 

for some S > 0. Then we can define 

/oo 
dB(r))u{t + r)), Vue BUC(R, X), teR. 
-co 

Consider equations of the form 

pOO 

(4.2) u{t) = Au{t)+ dB(r))u(t + r))+f(t), teR. 



Let u £ BUC(R, X) be a mild solution of (|4.2|) . By the same method as in the proof of Lemma IT4l 
we can show that T> — A — B is closable in BUC(U., X). Moreover, because of the closedness of the 
operator L with domain consisting of all u 6 BUC(R, X) such that J u(£)d£ € D (A) for all t > s, 
and 

u(t)-u(s) = A [ u({)<%+ [ g(Z)d4, 



for some g G BUC(M., X), and Lu = g, the operator L — B is a closed extension of T> — A — B. This 
implies that each mild solution in the sense of Definition QT] satisfies the equation 

(4.3) u(t) - u(s) = A u(0d£ + / dB( v )u( V + £)<%+ / t > s. 

In this case we will show that the set cr^ (.4 + £>) can be replaced by a simpler one that can be 
easier computed. In the proof of Theorem [15] we got the following equation 

(A - V)- l f + u= [X - (A + B)](X - X>rV ReX ^ 0. 

Recall that 

' e- xt u{t + £)dZ, (ifi?eA>0), 



(A-2?)-V0 = 



and 



-J_oc e ~ A '/(* + eK, (if i?eA<0) 
u(A) = {X-V^uiO). 
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We have 

(A-P)- 1 /(0) + u(0) = [X — (A + B)](X - T>)~ 1 u(0) 

= [A(A - Vyhi - A{\ - V)- 1 u - (A - T>)- x Bu](0) 

= Xu{\)- Au{X)-[{\-V)- 1 Bu]{Q). 

In the case of 8 > ReX > we have 



/•OC 

[{X-V^Bu]^) = / e- xt [Bu](t)dt 
Jo 

dB(r))u(r) + t)dt 



e- xt 

l) J~oo 

o 



rv 



cLB^) / e~ xt u{r, + t)dt 
. Jo 

/oo />oo />r 

dB( V )e- x 'H e- A « U (£R-/ 
-oo JO JO 

/OO /•?) 
dB{r 1 )e- Xr ' / e - A «w(£)d£. 
-oo JO 

In the case of —5 < i?eA < 0, we obtain a similar equality. So we have 

/•OO />oo 

/(A) + «(0) = Afi(A) - Au(X) - I dB(r))e- Xr >u(X) + \ dB( V )e- Xr > \ e- x $u(£)<%; 
that is, 

/(A)+u(0)- / r/Z)(//)- - A " / , - Ai »u)< = (A - .1 - / dB(i/)< N "!./iA). 
If £ £ S, where 



o 



oo ^77 POO 

M / e -H„f£\J<: — f \ — A — / JRU P -MUl 







(4.4) E:={zeC: |i?ez| < J, £ (z-A-J dB{rf)e- z A G L(X)}, 

we have 

/oo />oo 
dB(j 1 )e- x ^)- 1 {f{X)+u{Q)- dB(r))e- X71 e~ A< ^(£K). 
-00 J— 00 J 

We can prove (see e.g. [8]) that if i£ E and £ ^ sp(f), then 

A - A - / dB{ V )e- Xri , / dB{ V )e- Xr i / e- A «u(£K 

V J-00 / J-oo Jo 

are analytic in A around i£. This implies £ ^ sp(u), so sp(u) C E,; U sp(f), where Ej := {£ G E : 
i( £ S}. So we arrive at 

Proposition 31. Let the above mentioned conditions for Eq. \4-*ty be satisfied, and let u G 
BUC(R,X) be a mild solution of Eq. £Pfy. Then, 



(4.5) sp(u) C U *p(/). 
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The advantage of the estimate (14. 5[) is that we need only to study the " characteristic roots" of 
the equation, instead of the spectrum Oi (A + B) . We are ready to see how our results obtained 
above extend respective ones in [8]. Now the reader can re-state all above conditions and results 
in terms of the spectral set £j, instead of ai(A + B). 
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